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Abstract 

We study quantum information inequalities and show that the ba- 
sic inequality between the quantum variance and the metric adjusted 
skew information generates all the multi-operator matrix inequalities 
or Robertson type determinant inequalities studied by a number of 
authors. We introduce an order relation on the set of functions repre- 
senting quantum Fisher information that renders the set into a lattice 
with an involution. This order structure generates new inequalities 
for the metric adjusted skew informations. In particular, the Wigner- 
Yanase skew information is the maximal skew information with respect 
to this order structure in the set of Wigner-Yanase-Dyson skew infor- 
mations. 

Key words and phrases: Quantum covariance, metric adjusted skew 
information, Robertson-type uncertainty principle, operator monotone 
function, Wigner-Yanase-Dyson skew information. 

1 Introduction 

Recently there has been a lot of effort going into the investigation of various 
quantum information inequalities. We shall present a unified view that will 
cover most of the already known results and add some more. The notion 
of metric adjusted skew information was introduced by the third author [9] 
as a measure of quantum information generalizing the Wigner-Yanase-Dyson 
skew informations [18]. The metric adjusted skew information is a convex 
function on the manifold of states and also satisfies other requirements, sug- 
gested by Wigner and Yanase, for a measure of the information content of 
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a state with respect to a conserved observable. These requirements include 
additivity with respect to the aggregation of isolated subsystems and time 
independence for an isolated system. One more requirement, super additiv- 
ity, fails spectacularly |7] for all the measures, including the Wigner-Yanase 
skew information. 

We introduce an order relation ^ on the set of functions representing 
quantum Fisher information that renders the set into a lattice with a maximal 
and a minimal element. The order relation induces an order relation on the 
set of metric adjusted skew informations that renders also this set into a 
lattice with the SLD-information as maximal element. There is no minimal 
element. 

The Wigner-Yanase-Dyson skew informations given by 

I p (p, A) = ~Tr iff, A}[p^, A] < p < 1 

are shown to be increasing in the parameter p with respect to this new order 
relation in the interval (0, 1/2] and decreasing in the interval [1/2, 1). There 
is thus maximum in the Wigner-Yanase skew information for p = 1/2. More 
elementary, the function p — > I p (p, A) is increasing in (0, 1/2] and decreasing 
in [1/2, 1) for fixed p and A. 

1.1 Basic notations and definitions 

The metric adjusted skew information is defined by setting 

(1) i;(A) = ^Tr i[p, A*]c(L p , R p )i[p, A] 

for every positive definite n x n density matrix p and every n x n matrix 
A. The function c of two variables is a so called regular Morozova-Chentsov 
function which may be written on the form 

where / is an operator monotone function defined on the positive half-axis 
with /(l) = 1 satisfying the functional equation f(t) = tf(t~ r ) for t > 0. The 
regularity condition means that m(c) = /(0) > 0. The operators L p and R p 
are the commuting positive definite left- and right- multiplication operators 
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by p. If we want to emphasize the dependence of the representing operator 
monotone function / we may also denote the metric adjusted skew informa- 
tion by Ip(A). The metric adjusted skew information is thus proportional 
to the metric length, as measured by the quantum Fisher information, of 
the commutator i[p, A]. In the case of the Wigner-Yanase-Dyson information 
this proportionality was already noticed in [H]. The constant is however im- 
portant as it can be chosen such that the metric adjusted skew information 
coincides with the variance on pure states. 

We have tacitly extended the definition of the metric adjusted skew in- 
formation to include the case where A may not be self-adjoint. This does not 
directly make sense in physical applications, but it turns out to be a useful 
mathematical tool. The symmetry of c implies that 

(2) I c p (A + iB) = I c p {A) + i;{B) 

for self-adjoint A and B. In particular, the metric adjusted skew information 
is convex in p also for non self-adjoint "observables". 

1.2 The dynamical uncertainty principle 

The basic quantum information inequality is given by 

(3) < I c p (A) < Var p (A), 
where the symmetrized variance 

Var p (A) = ^Trp(A*A + AA*) - |(TrpA)| 2 . 

The inequality was stated and proved in [9] for self-adjoint A by noting that 
the metric adjusted skew information is a convex function in p while the 
covariance is concave, and that the two measures coincide on pure states. 
Gibilisco et al. (2J, Proposition 9.2] subsequently gave another proof. The 
inequality generalizes an earlier result by Luo for the Wigner-Yanase skew 
information [I3] . Since the symmetrized variance satisfies 

Var p (A + iB) = Var p (A) + Var p (B) 

for self-adjoint A and B, we immediately obtain the inequality (02) also for 
non self-adjoint A. 
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The above observations effectively reduce the multi-dimensional versions 
of the quantum information inequalities given by a number of authors [3] 
to the main inequality ([3j). Let (Ai,...,A k ) be a tuple of (possibly non 
self-adjoint) matrices. We then obtain the inequality 

(4) (i^A^Y < (Cov^Aj))" 

\ / % )3 =\ \ / i, J= i 



where 



and 



I°M,B) = ^Tri[p,A*)c(L p ,R p )i[p,B) 



Cov p (A,B) = -Trp(A*B + BA*) - (TrpA*)(TrpB). 



1 

2 

Indeed, we only have to notice the identity 



I c (^A 1 + --- + ^A h 



for arbitrary complex numbers £i, and the similar identity for the 

covariance matrix. This reduces the matrix version j4]) to the basic quan- 
tum information inequality (J3j) . In particular, we obtain the determinant 
inequality 



(5) < det (l p (Ai, Aj)) * < det (Cov p (Ai, A 



i,3=l \ / i,j=l 



k 



by the well known formula detv4 = expTr log A, since the logarithm is op- 
erator monoton^). This version has been coined the "dynamic uncertainty 
principle". 



2 Inequalities for quantum skew information 

We introduce various methods to compare measures of quantum information 
for one observable. The generalization to several observables is then obtained 
as explained in the introduction. 

1 ln fact, the trace function A — > Tr/(A) is increasing for any increasing function /. 
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The metric adjusted skew information may be written [9| Proposition 3.4] 
on the form 



(6) I c p {A) = TrpA 2 - ^TrAd c (L p ,R p )A, 



where 



d c (x,y) = - (x - y) 2 c(x,y) x,y > 



is operator concave. Since d c is homogeneous of degree one we may write 

T ^-d c (x,y) = yf(xy~ l ), 

where the function 



2 v ' ; 2 v ; 2f(t) 

Since / is operator concave and defined on the positive half-axis it is also 
operator monotone [8j. With this notation the metric adjusted skew infor- 
mation takes the form 

(7) r p {A) = TrpA 2 - Tr A R p f{L p Br p l ) A 

as it is studied in [T4] . 

We begin by providing a more detailed classification of the representing 
functions for quantum fisher information. 

Theorem 2.1. Let f: R + — > R + be a function satisfying 

(i) f is operator monotone, 

(u) f{t) = tfir 1 ) for allt> 0, 

(in) /(l) = 1. 

Then f admits a canonical representation 

where the weight function h : [0, 1] — > [0, 1] is measurable. The equivalence 
class containing h is uniquely determined by f. Any function on the given 
form maps the positive half-axis into itself and satisfy the conditions (i), (ii) 
and (Hi). 
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Proof. The third author [fH Theorem 1] gave an exponential representation 
of the functions / : R + — > R + satisfying (i) and (ii) of the form 

(9) f(t) = eP±±± ex P f ^1 . _ \+f h ( X ) dX 



^2 *J A 2 + l (A + 0(1 + At) 
where h : [0, 1] — > [0, 1] is measurable and exp (5 = f(i) exp(— wr/4). Setting 

and solving for exp j3 we obtain 

/(() = 1±* exp^ ((Xjiy^y - jjfip) MA) iA 

which reduces to the expression in the theorem. The uniqueness of h (up to 
equivalence) and the sufficiency of the condition follows from the reference. 
QED 

Following several authors we denote by T 0Vl the set of functions character- 
ized in Theorem 12. 1L A function / G J-'op is said to be regular if its extension 
to the closed positive half line satisfies /(0) > 0. If / € JF op is regular we set 

(io) f {t) = J§) and e ( x >y) = y~ 1 f( x y~ 1 ) 

and may write 

lf(A) = ±Tri[p,A*]c(L p ,R p )i[p,A}. 

Notice that c is a symmetric function in two positive variables, and that the 
metric adjusted skew information I p (A) is increasing in the transform /, cf. 
also [31 HE]. 

The representing function f p G J-" op of the Wigner-Yanase-Dyson skew 
information I p (p, A) with parameter p is given by 

(t - l) 2 

f(t) =p (l-p). —rrr 7T 0< P <1. 

We observe that the transform 

fp{} ~ (t-i) 2 ~ (t-iy 



is increasing in p G (0, 1/2] and decreasing in p G [1/2, 1). It follows that the 
Wigner-Yanase-Dyson skew information I p (p,A), for fixed p and A, is an in- 
creasing function of p in the interval (0, 1/2] and a decreasing function of p in 
the interval [1/2, 1) with maximum in the Wigner-Yanase skew information. 

Proposition 2.2. The transform f of a regular function f G T op has a 
canonical representation 

< U » m = W) ' = <TT7r P L A(A + 0(1 + At) ( ) ■ 
where the weight function h : [0, 1] — > [0, 1] is measurable and 

- 1 MA) 



A 



dA < oo. 



T/ie equivalence class containing h is uniquely determined by f. Any function 
on the given form is the transform f of a regular function f in T ov . 

Proof. The integrability condition for a weight function h of a regular func- 
tion / G J-" op follows from Theorem 12.11 Furthermore, 

1 [' (A 2 -l) 



and thus 



/(() (1 + r 7„ VA(1 + A) 2 (A + 0(1 + A0(l + A) 

which reduces to the expression in the proposition. QED 

Since the integrand in (JTTJ) is non-positive, we realize that / and thus the 
metric adjusted skew information is decreasing in the weight function h. 

Definition 2.3. Let f,g G T op and set 

9(t) = turn t > o. 

2 g(0 



We write f -< g if the function <p G T t 



op- 
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The function ip obviously satisfy ip(l) = 1 and ip(t) = tip(t~ l ) for t > 0. 
The condition in the definition is thus equivalent to operator monotonicity 
of (p. Setting 

/mm(0 = and / max (t) = — t > 0, 

it is known that f m - m < f < / max for every function / G .F p. But we realize 
that also 

(12) frxdn — f — /max for 

every / G ^p- 

This is so since / min ^ / is reduced to operator monotonicity of the function 
t — > while / ^ / max is reduced to operator monotonicity of / itself. 

Since as noted < / max for ip G JF op we realize that 

(13) f^9 ^ f<9 for f,gEF op . 
In particular, f ^ g and g ^ f implies / = g. 

Theorem 2.4. The relation ^ is a partial order relation on T op rendering 
{Fop, z<) into a lattice with f m i n as the minimal element and / max as the 
maximal element. Furthermore, if f,g G T op then 

f -< g <^> h f >h g a.e., 

where hf and h g respectively are representing functions of f and g as in 
Theorem \2.1\ 

Proof. The function <p> in Definition 12.31 has the representation 

and is therefore operator monotone, according to Theorem 12.11 if and only if 
< hf(X) — hg(X) < 1 for almost all A G [0, 1]. Therefore, / ^ g if and only 
if hf > h g almost everywhere. 

It follows that ^ is an order relation. Indeed, if fi ^ / 2 and / 2 ^ f% 
then, for representing functions, hfc > hf 2 and /i/ 2 > /i/ 3 almost everywhere. 
Consequently, > hf 3 almost everywhere and thus /i H / 3 . 

For arbitrary f,g E J-" op with representing functions /i/ and /i s we define 
f Ag as the function in jF op with representing function max{/ij, h g }. Similarly, 
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we define f\/gas the function in jF op with representing function min{/i/, h g }. 
It follows that 

fAg^f^fVg and fAg^g^fVg. 

If furthermore ip ^ / and ip ^ g for a ip E JF op it follows that t/> ^ / A g. If 
similarly f ^ ip and g ^ ^ it follows that f V g ^ip- Therefore (Fop, ^) is a 
lattice. QED 

Notice that for /, g G F op we have the relations 

f Ag < min{/, #} < / < max{/, g} < f V g, 

with a similar statement for g. 

We next show that the lattice F op is equipped with a natural involution. 

Definition 2.5. VFe define for f G F op t/ie function 
(14) /"(*) = y^y t > 0. 

It follows from the general theory of operator monotone functions [HI 2.6. 
Corollary] that /" is operator monotone, and since obviously /"(l) = 1 and 
fi(t) = tf^t- 1 ) we realize that also f G F op . 

It also follows that /** = / and that f(t) = t 1/2 is the unique fixpoint 
of the involution / — > p in F op . Furthermore, f ^ g implies g^ ^ p for 
functions /, # G .Fop- We notice that /" is not regular for a regular / G F op . 
All of these assertions may also be verified by calculating the representing 
weight functions. 

Proposition 2.6. Let f G F op with representing weight function h as in 
Theorem \2.1[ Then p G F op with representing weight function 1 — h. 



< A2 - 1 )( 1 - t ) 2 h(\) d\ 



Proof. We first write 

nt) = W) = t + i exp [ Jo (\+t)(i + xt)(i + xy 

and since f m i n (t) = 2t(t + has 1 as representing function, we obtain 

fit) = — exp f n {X2 J l){ }Z t)2 (1 - KX)) d\ 
J KJ 2 1 J (X + t)(l + Xt)(l + X) 2 v v ;; 

and the assertion is proved. QED 
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We obtain from Proposition 12.21 and the preceding remarks: 



Corollary 2.7. The restriction of the order relation ^ to the regular part of 
T op induces an order relation on the set of metric adjusted skew informations. 

2.1 Optimality of the Wigner-Yanase information 

The order relation on the set of metric adjusted skew informations intro- 
duced in Corollary 12.71 is tractable in the sense that we only have to study 
and compare the representing functions of the associated quantum Fisher 
informations as they are given in Theorem 12.11 

The function f p G Top representing the Wigner-Yanase-Dyson skew in- 
formation with parameter p G (0, 1) has weight function 

, ... 1 (A p + A 1_p )sinp7r n . , 

h p (\) = - arctan J f- — < A < 1, 

py ' Ti 1 - A - (A p - A 1 ^) cospn 

according to the representation given in Theorem 12.11 cf. (9j Theorem 2.7]. 

Theorem 2.8. The functions h p (X) are decreasing in p G (0, 1/2] for any A 
with < A < 1. 

Proof. We consider a fixed A G (0, 1), set z = —A + is for a small e > 0, and 
obtain 

= — Km/e(p) s 

where 

f e {p) =arg((l-zg)(l 

= arg(l - zl) + arg(l - zl~ p ). 

Obviously, we have f e (p) = f e (l —p). Thus, to show that f £ (p) is increasing 
over the left half [0, 1/2] of the domain, it suffices to show that the first term 
arg(l — Zq) is concave in p over the interval [0, 1]. 

We can show that the function g(p) = arg(l — z p ) is concave over [0, 1] 
for any z in the "lune" 1 = {z : \z\ < 1, Qz > 0}, including z for sufficiently 
small e > 0. Since arg = Slog, the second derivative g"(p) is given by 

_ ^ -^(log^) 2 _ \ 
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and we have to show that this is non-positive for z G X and < p < 1. In 
fact, it is enough to do this for p — 1 only, since for zGl and < p < 1, 
then z p &T too. 

The imaginary part of a complex number is non-positive if and only its 
complex argument is between tt and 2tt. Thus we need to show 

q(z) = arg ~* {l0g f G [tt, 2tt] G J. 

(! - Z Y 

Putting z = rexp(i9), with < r < 1 and < 9 < tt, 

q(z) = arg(— z) + 2 arg log 2; — 2 arg(l — z) 

n & rsm.9 

= -k + 6 + 2 arctan h 2 arctan . 

log r 1 — r cos 9 

For 9 = [z real) is obviously tt. For # = tt, 

TT 

q(z) = 2tt + 2 arctan < 2tt 

logr 

for < r < 1. We can now show that for fixed r, q{z) increases with 9, which 
implies that q is indeed between tt and 2tt for z G X. The first derivative is 

(logr) 2 + # 2 + 1 + r 2 -2rcos# ' 

Because of the inequality cos 6* > 1 — 6 |2 /2, we obtain a lower bound 

dq 1 — r 2 log r 

^ - (1 -rf + r9 2 + (logr) 2 + # 2 

0(r) logr + 9 2 il)(r) 
= ((1 - r) 2 + r# 2 )((logr) 2 + 9 2 ) 

where 

0(r) = (1 -r 2 ) logr + 2(1- r) 2 , 

■0(r) = 1 — r 2 + 2r logr. 

The first derivative -?//(r) = 2(1 — r + logr) and the second derivative ip"(r) = 
2(l/r — 1) is positive. Therefore tp' is increasing and since ip'il) = 0, we derive 
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Figure 1: p — > h p (X) for A = 1/2 



that if)' is negative and thus if) is decreasing. But since if)(l) = 0, we derive 
that ip(r) > for < r < 1. We furthermore calculate 



The parenthesis in the expression for <p"(r) has derivative — 4rlogr > and 
value zero in r = 1. It is thus non-positive, so is concave and 0' therefore 
decreasing. Since 0'(1) = we derive that 0' > 0, so is increasing and since 
0(1) = 0, we conclude that is non-positive. We have consequently proved 



for < 6 < 7r and < r < 1, and the proof is complete. QED 

Theorem 12.81 is illustrated by the graph in Figure 1. The graphs for 
different A G (0, 1) look very much alike except for a change in units. An 
equivalent formulation of the result is that the function 



0'(r) =— 2r log r -\ h 3r — 4, 



r 



0"( r ) = — (r 2 — 2r 2 logr — 1). 



ip(t) 



t+lf p (t) _ p(l-p) (t + 1)^-1)^-"- 
2 f g (t) 2q(l-q) (V 1) 



1) 



t > 0. 
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is operator monotone (and thus belongs to T op ) for < p < q < 1/2. 

We have thus proved that f p ^ f q for < p < q < 1/2 and f p >z fq 
for 1/2 < p < g < 1. The Wigner-Yanase skew information is therefore the 
maximal element among the Wigner-Yanase-Dyson informations with respect 
to the order relation inherited from (J-'op, z<). 

Another example is the variant bridge considered in [9] with representing 
functions f p G JF op with weight functions according to the representation in 
Theorem 12.11 given by 




A > 1-p 



This family of weight functions is decreasing in the parameter p G [0, 1]. The 
corresponding quantum Fisher informations are therefore increasing in the 
parameter p and connects the SLD-metric for p = with the Bures metric 
for p = 1, and they are regular for p < 1. The corresponding metric adjusted 
skew informations, defined for p G [0, 1), are increasing with respect to the 
order relation -< . 
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